We shall describe an algebraic scheme giving rise to a group P2 that can be identified as the second homotopy group when the elements entering the scheme are suitably interpreted. We consider particularly the group p2(X) associated with an abstract local group X.
identities of elements g in G. We call g closed if iK(g) = ir(g) = i(g).
We choose a fixed identity go in G and denote by Go the group of closed elements g such that i(g) = go.
Let V be a set of closed elements of G together with their inverses and identities. For v E V, let G(v) consist of those elements g such that iz(g) go, i,(g) = iI (v) . Let where n _ 1, vi e V, gi e G(vi). We introduce an associative multiplication into A by juxtaposition and a right-and left-neutral element ao. We also introduce an inversion J (automorphism of period 2) by the rule aJ = (gn * Vn 1) ... (gl * V1r1). Noting that hg e G(v) whenever h e Go, g e G(v) we see that the elements g of Go operate on A according to the formula h * a = (hgl * v1) ... (hgn * Vn).
We agree that h * ao = ao.
Let ,Bbe the mapping A Go defined as follows:
:(a) = givigvI ... gnvngn'1.
It is evident that OM(A) is a normal subgroup of Go. Let p1(A) = Go/lA.
We shall see that in certain situations pi can be identified as the first homotopy group. In order to define P2 we introduce an equivalence relation into A. We require this relation to be multiplicative in the sense that a -b always implies alaa2 -alba2. The generating relations are:
ala2a,J .,B(a,) * a2(ai e-A)
(g * VI)(g * V2) '-- --go * a, = a, for each element al e A. Application to Complexes.-Let S be a set. We form words with the elements of S as letters and denote their totality, including the empty word, by W(S). If S is a set with inversion J, two words of W(S) are called word-equivalent if one can be obtained from the other by deletions and insertions of syllables of the form ss", s e S. The word-equivalence classes form a group which we denote by F(S). Now let K be a connected abstract simplicial complex and let S be the totality of the oriented 1-simplexes. Let s' be the element s of S with orientation reversed. The paths of K are representable as elements of W(S) and the classes of word-equivalent paths form a groupoid in a wellknown manner. Let G(K) be this groupoid and let go correspond to a fixed vertex of K. Define V(K) as follows: an element g of G(K) belongs to V(K) if and only if there is a simplex a, of K such that some path representing g is composed of 1-simplexes of o,. Let A
Let K* be the universal covering complex of K and let Hn(K) denote the n-dimensional integral homology group of K based on finite chains. THEOREM 1. pi(K*) reduces to the identity; P2(K) 'p E2(K*) -H2(K*).
If K corresponds to a finite simplicial decomposition of a polytope, Pn(K) = 7r,(K), n = 1, 2.
Application to Local Groups.-Let E be a set admitting a composition function e1 o e2 for certain pairs ei, e2 such that when defined, el e2 is an element of E, and such that 1. There exists a unique element 1 such that 1 -e and e o 1 are defined and equal to e for every e e E;
2. There exists a unique inversion e -+ e-l of E such that e o e-1 is defined and equal to 1 for every e;
3. If e1 e e2 is defined, so is e2-1 -el-1; By means of the composition function el a e2 it may be possible to reduce w to a single element of E by an insertion of parentheses. If every insertion of parentheses is meaningful, we call w a local word. Let L(E) be the' totality of local words. If w e L(E), let ,u(w) be the element of E to which w is reducible; it can be shown that ,(w) is unique. By a local subgroup of a local group E we mean any symmetric subset of E including the identity, converted into a local group by cutting down the composition function of E. Now let X be a local group and let G(X) be the group F(X), X being regarded as a set with inversion x x-1. Let V(X) be defined as follows:
an element of g in G(X) belongs to V(X) if and only if g has as representative an element w in L(X) such that ju(w) = 1. Let
Pn(X) = Pn(A(X)) (n = 1, 2).
Let X be a local subgroup of a group Q. We define a subset O(X, Q) of F(X) as follows: an element g of F(X) belongs to O(X, Q) if and only if g has a representative the product (in Q) of whose letters is the identity of Q. We call Q simply connected relative to X if (1) X generates Q and (2) O(X, Q) C AA(X).
It is easy to show that the so-called universal covering group of a group Q relative to any local subgroup X which generates Q is simply connected relative to X. Extensions of Local Groups.-Let E, X be local groups. Let 4 be a mapping of E onto X and let 0. be the mapping W(E) -+ W(X) induced by 4. We call (E, 4) an extension of X if (1) q>L(E) = L(X), 4,-jL(X) = L(E); (2) A.g(w) = Okz(w) whenever w e L(E).
Let X, Y be local subgroups of a group Q with Y a local subgroup of X. We call an extension (E, 4) of X extensible over Q from Y if there exists an extension (T, y6) of Q such that T contains E as local subgroup and {1 E = q| E. We call the pair (Y, X) elementary with respect to Q if every extension of X is extensible over Q from Y.
We can now state a group-theoretic equivalent of the condition P2( Y, X) = 0.
THEOREM 3. Let X, Y be local subgroups of a group Q such that (1) Y is a local subgroup of X; (2) Q is simply connected relative to Y; (3) X contains no elements of order 2. A necessary and sufficient condition thtat (Y, X) be elementary with respect to Q is that P2(Y, X) = 0
With the aid of Theorem 3, it is possible to give a proof of the existence of Lie groups in the large based on the vanishing of the second homotopy group rather than on the theorem of E. Levi.3 The details will appear elsewhere. ' 
